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e stochastic dynamics as a part of non-equilibrium physics
e describes large number of phenomena
e there is no general theory for non-equilibrium one

e in critical regimes (second order phase transitions) jpessi
simplifications due to emergent symmetries - scale invagan

e universality

e reaction processes
e simple formulation
e can be studied by various methods - cellular automata, nuamte
simulations,
e genuine in nature: chemical kinetics, catalysis, sprepdirdisease,
population dynamics, percolation etc.
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Annihilation process

Master equation ————>» Second Path

quantization Integral

continuum limit

with effective action
Random velocity field
stochastic » interpretation 3 recasting it into
Navier-Stokes eq. as Langevin equation QFT model with
effective action
At the very end

renormalization group _____, information about large determination of
approach scale asymplotics possible regimes
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particles are diffusing with diffusion constaldy and reacting after
mutual contact

A

C o

. . . A
irreversible reactiod + A =% &
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reaction limited case... 7gr < Treact
corresponds to highg or small)g
no spatial fluctuations> n = n(t)

Rate equatiof) = —X\on?(t) — n(t) = 2

fort — oo we haven(t) oc t=1
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diffusion limited case...rgif > Treact
corresponds to smdl, or high \g
displacement(t) ~ (Dt)%/?
diffusion different in low and high space dimension
ford>2 V() ~t

n(t) should scale as/¥(t) — n(t) ~t=1
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for d < 2 (diffusion is recurred) V(t) ~ r(t)¢

A two-dimensional random walk of 2000 steps.

n(t) ~ (Dt)~%2 = (Dt)~(**+4) whered = 2 + 2A

Yig. from ltzykson& Drouffe: Statistical Field Theory 1
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reactions usually occur in some environment

this can lead to additional drift of particles

introduction ofv = v(t, x) for modelling such situation

various origin: thermal fluctuations, external stirringjdlin
turbulent state
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Various choices fov = v(t, x)

Kraichnan model(t, x) - random gaussian variable with prescrib
statistical properties

(VOV(t)) o 6(t — ')
Kraichnan model with finite correlation time

compressible Kraichnan model

stochastic Navier-Stokes equati@n + (v.V)v = —Vp+ vV?v +f
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Questions:
e What is the effect of introduction of velocity field?
¢ Does it always leads to the enhancement of the reaction gséte
e Quantitavely: what is the value of exponenin decayn(t) o« t=*?

e What is the effect of velocity field on stability of large seal
behaviour?
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Theoretical Approach
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Reaction processes

o Particles hopping on a lattice and reacting after contact

e Let{«a} completely describe microstate, e{g.} = {n;,n,, ...}
means, particles at site 1 etc.

e starting point - master equation

%P({a};t) =Y (Re-uP(8) —RisP(@), (1)
{8}

where the sum is performed over all possible microstates
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e similarities with field theory
(a) dynamic eq. (i.e. master eq.) is linear in time like Schnger eq.

(b) number of particles is changing (like in QFT)
e = suggestion of using second quantization method

¢ classical stochastic problem, no appearande of
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e based on M. Doi, J. Phys. 8 1465 (1976)
e Introduce creation-annihilation operators
@8] =0, [a,a]=1[al.a]=0, 2)
vacuum state|0) : a|0) = O for all sitesi
e probability incorporated into the state vector
[4(t) = > P({n};t)a™al™...|0) 3)
{n}
e master equation rewritten in "Schrodinger’like form

) — M), H=HGa @
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e "Hamiltonianfor reaction proces& + A — &
H=Do) (a —g)(@—a)— o) (&-a"a) (5
<ij> i

e NoteH # Hf

e non-equilibrium theory
e detailed balance condition not satisfied
e phase space is shrinking

e possible generalizations to other reaction schemes
U. Tauberet al. J. Phys. A: Math. Ge88, R79 (2005)
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Why continuum limit?

e in statistical physics one often wants to study universappries in
some asymptotic regime

e universal quantities don’t depend on the details of micopsc
structure or precise value of coupling constant

e Examples: critical exponents
(a) critical exponents fop* theory

1 (0%

(b) for isotropic homogeneous turbuleng@(r,t) — v(0,1))2) o |r|%/3
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Main result of Doi approach

e using coherent state representation action for prodes®\ — < is
obtained

S = ¢ [—0+DoV?Y—V (vi))] = AoDo 20T+ (1) ?]9p? —noip(x, 0)

e integrations are omitted

t
Yo = /O dt / dx T (t, X)Op(t, X)

« weight € analog to the Boltzmann weight in functional space
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Inclusion of velocity fluctuations

e convective derivativé, — o, + (v.V)

e for Kraichnan-like model

1
SZ = _é VD\71V7 (6)
e stochastic Navier-Stokes eq.
1
S = év’Dv’ +V[=0V + (V.VIV + 1,V 7)

e averages can be calculated as functional integral

Alt) = / DYIDYDVDV A DYDY ... < Tr. ..
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Technical details

o Field theoretic actioiy;, + S is amenable to perturbative RG
analysis

e multiplicative renormalization of models

¢ use of minimal subtraction scheme for calculating renoizatibn
constant&

e calculation of beta functions; and anomalous dimensions

¢ IR stable fixed point determine possible large-scale regime
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| nteresting Results
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Resultsfor A+ A — @ and stochastic
Navier-Stokes eqg.
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density decay rate(t) oc t=*

double expansion ifA, €), whereA = (d — 2)/2 is deviation from
space dimension 2 ard deviation from the Kolmogorov scaling
second moment of force correlator

{fm(t, K (1, K')) o< Pon(K)d(t — t)d(k + k")d (k) (8)

kernel function

o (k) = dfl(k) + dfz(k) = gloljg’k‘l_d_zE + ggoljgkz (9)

for d < 2 it was estimated that without velocity field (only
diffusion) n(t) oc t~(+4)
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The propagators of the model

= <’U7;’U]'>0 = Alfyjy(wm k)

(3 U
4~|— = (vilj)o = AY (wi,, k)
(¥ v

Weh)e = A (wy, k)

|
|
|
|
|
|
R
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Interaction vertices describing velocity fluctuation anldection
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2-loop diagrams for 1PI functiohi: ,

No appearance of reaction vertexno feedback from the reaction on
the diffusion process
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reaction constantg

One loop diagrams for 1PI functiop..,: needed for renormalization of
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1
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F'e = S+ w'*\{%}&*f{ m

stationarity equations

e _ ila
syt Sy
homogeneous case= n(t)
dn(t) —2\Urp AN (t) + 2 upp2AnA(t) A [v 4+ In (2uvpt) ]
dt 47
2 —2A ) — 2
/\UI/,u /d’ tt_tt] (t) (10)
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Fixed point a region of stabilityO(e, A)
Gaussian (i) 1 e<0,A>0
Thermal (ii) 1+5+4 A<02+3A<0
Anomalous kinetic (jii) 11_1?3 €e>0,—2/3< A< —¢/3
Normal kinetics (iv) 1 e>0A>—¢/3
Driftless (v) 1+ A unstable
A

0} (iv)

05 10 15 20

-0.5¢

(i)
10 &

Vi
Pinn
A
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(i) Gaussian FP
e stable ford > 2 - mean field theory
e needed for the correct use of RG
(i) Thermal FP
e local correlation stronger than long correlations and
because\ < 0ineq. 14+ A/2 > 1+ A holds
e so at thermal point the decay is faster thmar t—(1+2)
(i) Normal FP
e stable forA > —e/3 with mean field-like behaviour = 1
¢ long range correlations destroy any effect of density flattuins
(iv) Anomalous FP -forit k- A/2<a=(14+A)/(1-¢/3) <1
(v) unstable FP - realized when there is no stirring and thermal
fluctuations
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Summary of our work

e Kraichnan model (finite correlated in time) + annihilatioogess
2-loop renormalization

e same model with taken into account of compressibility 1ploo
renormalization

e introduction of sink and sources - power counting analysis

e Kraichnan model (finite correlated in time) + percolation
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Thank you for your attention
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Answers to Prof. Adzhemyan’s questions

Q: Itis not clear, why the frequency in the formulgel6) — (2.18)
bears the subscrift(wy).

A: The subscript is not necessary in this case. Howeverghdriorder
calculations (in our case two loops) one has to deal with tvernal
momenta - usually denoted k&indg. So the momenturkis associated
with frequencywy andq with frequencyyg.

kQ,
KX N \’V‘/Mﬂ
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A: mistake in derivation of eq.(3.52), its .h.s.
expl(>_[Mot"(0) — o — |44 (0)°]) — exp(}_[nov (0) — [¢1(0)°]])
then the corrected eq. (3.55) has a form |
S= Z (w. + gty (0) — [44(0 / dtesy O + H({y"}, {w}ﬂ)
and the corrected eq. (3.58)
— /ot dt/dx{wfatw — DotV — N[l — WW}+
/ dx {zﬁ(t,x) + noyy'(0, x)}. (12)

Now we see that after substitutign — ' + 1 the termy(0) (from
integration) cancels out with the last tengin (11) - in agreement with
used initial Poisson distribution. 33148
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Q: Akl Ulohu hraju pociatocné podmienky priddani rieSenia? Z
GCinku vidno, Ze je naruSena translacna invariastmapriek tomu auto
pouziva Fourierovu transformaciu. MdZe to zdévaani

A:

Ood dx ¢ [—) + DeV? d f(x,0
/0 t/ X [~ kb + Do w]+/xno¢<x ) -

/ / dx 1" [~ + DoVZ] + / dx ngy)' (x, 0)
leads to the bare propagator:
0(w +w)o(p"+ p)

W(W,a p’WT(Wa p)>0 &S —iw + DopZ

(¥(t, p)¥'(0, —p))o ox O(t) exp(—Dop?t) (13)
Propagator isinidirectional - connects earliep! with laterq).
Note there isho source of ¢ field before zero time.

(12)
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Q: I would also like to see an explanation of the use of theueagy
representation in the renormalization of the model withramal

condition.

A:
e Renormalization of the model doesn’'t depend on the relevant
parameten.
e Consider following diagram - annihilation of two particles
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e with the result

1 1
x /dek—iQ Dok i(w — ) + Do(p — K2
dk o
[ g K=k

e ford > 2 UV divergent - not physically interesting, because we
know that there should be some cutoff scale

e ford < 2 IR divergent, whew — 0 (t — oco), connected with
reentrant property of random walk in low space dimensions

e RG effectively sums diagrams, which are divergent in thetlim
w—0
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Answers to Prof. Lig’s questions

Q: MdzZe sa autor vyjadritk vyberu nahodnych zdrojoatesorbérov v 7.

kapitole? Je mozny ich iny vyber? Ak ano, ako ovplytr G€inkov?
A: We have assumed that:
o A5 XandY £5 A X sink, Y source
e 4+ are random functions uncorrelated in time with moments
Ml =Ein
¢ and taken cumulants only to second ordenormal distribution for

ot
e with higher order cumulants continuum limit is not so ob\sou
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Q: Pri poruchovych vypoctoch autor pouziva rozkladizovolnych
parametrov za predpokladu ich malosti. AvSak grafy ur¢ejoblasti
stability pevnych bodov (pozri napr. obr.10 str. 68) aZmézju oblasti
obsahujlce aj vddé hodnoty parametrov. Do akej miery je pripustné
aproximovat ziskané vysledky do uvedenych oblasti?

A: All the perturbation series are always considered onlgsgsptotic
series. However, general expectation is that these sdillesatch some
relevant physics. The situation at the picture should bsidened as an
extrapolation and also for a better visualization.

Example:

O, ¢* theory in dimensionl = 4 — 2¢:

n+2 (—n?+56n+272)(n+ 2)

n= m(ze)z - 8N 8) (23 +... (19
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Q: Autor uvaZuje procesy s rovnhakymi molekulami. Zrejmierakcie
dvoch réznych molekdl budi patritdo intej triedy unizality.
Predpokladam, Ze vSetok uvedeny postup na odvodémédilje
aplikovateiny aj pre tento proces. Zdalo by sa na prvy jpadhlZe
spocitattakuto Glohu by uz nebol nijaky problémeBo su z fyzikalnehc
aj technického hhdiska nejaké vyrazné problémy, ktoré brania takén
jednoduchému zovSeobecneniu?

A: Yes.A+ B — @ is in another universality class. It is possible to
generalize Doi approach for such a process. Also the rerizatian of
the model was already performed (dase& Cardy 1994, Honkonen
2002). The problem is in finding solution for mean particle num@dre
reason lies in the fact that initial number of partiole ng are relevant
parameters and one has to sum non perturbatively over them.
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Q: Autor prezentuje aj partikularne analytické riegefs.66) nim a
spoluautormi odvodenej integralno-diferencialnejmehrnej rovnice v
hlavnom priblizeni poth vazbovej konStanty (zanedbava integralny
Clen). Neskusal autor’adat Gplné rieSenie nezjednoduSenej rovnice
numericky?

A: To the best of our knowledge, the solution of such equataorot
known. But it is our plan for the nearest future to find a santfmost
probably using some numerical calculations) without sornde
approximation and we would like to try to find solutions, wéere could
see the effect of the integral term directly.
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Answers to Doc. Hor&th questions

Q: Ak v rovnici 4.64 poloZimes = 0, ziskame tym statické rieSenie
n = const. V pripade) = 0 je vysledok nulovania podobny.

A: The parameter is defined as= D/v, thereforeu = 0 — D = 0 and
hence no movement of reacting particles

The parametek (precisely its bare counterpart) is connected with
reacting rate of annihilation process, idgDg is probability per unit time
that annihilation process occurs.
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Q: Technicka a interpretatna vhodnostinych postupedicich k
zavedeniu rychlostného pal

P (t, x)
ot (Y =D RoonPa(tX) = > RosmPa(t,X)
{m} {m}
(15)
d
t
PO (ko + nit)r(), (16)
wherex(t) is random variable

51 3. 0) = At 0) )
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A: case 1)
¢ No general prescription for including noise to the masteragign
e given equation similar to diffusion equation

10
2 0% %

oP 0
— = —a—XiAi(x)P+

o Bij (X)P (18)

substituteA, = v; and use)v; = 0 (incompressible case)
e seems ok

2Van Kampen
43/48
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e Possible solution - find hopping rates in proper Wway

oP

E:Z{ﬂj(anrl)P(...,ni—1,n,-+1,...)—TijniP +...,
ij

1

D
= gl ATV /2

in such way that we get transport eq. for concentration

g—f = DV?c — DV.[cV x ¢,
g =1/(kgT), hlattice spacingD diffusion, ¢ stream function

(v="Vx )

3Nga le Traret al. arXiv:cond-mat/9810028
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A: case 2)
e Stochastic quantization can be used, but technically ierg v
difficult.
e in principle solvable, substitutiom't) = 1/w(t)
dw

i K+ n(t) = w(t) = w(0) + Kt + /ot dt'n(t).  (19)

From it expectation value of/h?(t) can be obtained in some
cumbersome form.

e Problem withphysical interpretation of such a noisk.+ n(t) as
fluctuating rate ? Other than gaussian causes great tethnica
troubles. Here, also large valueptan lead to tha(t) negative!

e maybe bettedn/dt = —Kn(t) + n(t) with (n(t)n(t')) oc n(t)d(t —t')
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A: case 3)
e similar to Pauli equatich

(990 1 >, €eh

4Bjorken&Dreell
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Q: Poprosil by som autora dizertacie o vymedzenie osabpekielu na
obsahu jeho préace.
A:

Calculation of renormalization constants for the (Nai¢okes
equationA + A — @) to the second order of perturbation theory.
Determination of coordinates of fixed points and their ragiof
stability.

Calculation of renormalization constans for the (finiteretated
Kraichnan modelA + A — @) to the second order of perturbatior
theory.

Proposing of the model (compressible Kraichnan model +
annihilation process), calculation of renormalizationstants
(1-loop approx.), determination of fixed points’ structared value
of decaying exponent

47148



Statistical Properties of Random Fields in Stochastic Dyina and Fully Developed Turbulence

A:

Proposing of the model (finite correlated Kraichnan model +
directed bond percolation process), calculation of remtization
constants (1-loop approx.-enough for leading contrilsutib
compressibility)

Preparing manuscripts, conference proceedings and talks o
conferences
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